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ABSTRACT
The fringe pattern that allows geometrical and orbital structure information to
be extracted from LIED spectra of symmetric molecules is shown to reflect a
symmetry conservation principle. We show that under a field polarization which
preserves certain symmetry elements of the molecule, the symmetry character of
the initial wave function is conserved during its time-evolution. We present a
symmetry analysis of a deviation from a perfect alignment by decomposing the
field into a major, symmetry-determining part, and a minor, symmetry breaking,
part. This decomposition leads to a corresponding factorization of the time-evolution
operator. The formalism is applied to the analysis of the robustness of LIED
readings and inversions with respect to deviations from a perfect perpendicular and
parallel alignment of a symmetric ABA triatomic molecule. The results indicate
a particularly strong stability of the type of LIED spectra associated with the
perpendicular alignment situation.
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1. Introduction
The exploitation of LIED (Laser-Induced Electron Diffraction) [1–4] and/or
holographic photoelectron spectra [5, 6] for dynamic imaging of molecules [7–9],
as proposed in pioneering works of A. D. Bandrauk and coworkers [1, 5], requires
alignment of the molecule with respect to the linear polarization of the laser field.
In one of a series of recent papers dealing with numerical simulations of LIED data
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readings and inversions to retrieve the geometrical and orbital structure [10, 11] of a
simple, symmetric linear molecule, we found indications of a rather strong robustness of
the LIED imaging procedure with respect to misalignment [12]. This is a prerequisite
for the orbital tomography scheme based on LIED and detailed in Ref. [11] to be
valid, as this scheme relied on the inversion of a single LIED spectrum associated with
a single alignment situation, as opposed to the tomography scheme based on High-
Harmonic Generation (HHG), which assembles HHG spectra for various alignment
angles before submitting them to an elaborate inversion procedure [13, 14]. The
robustness of LIED reported in Ref. [12] remains a numerical observation that needs
be quantified and understood within a more complete, formal, quantum mechanical
theoretical framework.
The present paper addresses this issue from the viewpoint of symmetry. Symmetry is
mostly used in time-independent quantum mechanics, to classify quantum stationary
states of molecular systems, their vibrational modes, and to simplify calculations
of matrix elements and integrals [15, 16]. It has seldom been evoked in time-
dependent quantum mechanics. In discussions and calculations of laser-driven
molecular dynamics, correlations have been made between orbital symmetry, or rather,
orbital nodal properties, and angular distribution of ionization probability, HHG
signals, etc., and these were rationalized in terms of constructive and destructive
interferences of waves emanating, with some coherence, from different sources [17, 18].
No explicit derivation was made, even in cases the field-molecule interaction still
conserves a number of symmetry elements, which together constitute a subgroup of
the field-free molecule’s point group. This is the type of situations considered in the
present paper, as exemplified by the case of a symmetric linear molecule subjected to a
field that is linearly polarized perpendicular to the molecular axis. More precisely, we
illustrate the specific case of the HOMO-1 of CO2 for which an inversion procedure for
imaging molecular orbital from the photoelectron spectra from the molecule aligned
normal to the applied field has been performed in our previous article [19].
We first review some basic facts concerning the commutativity of symmetry
operators with the time-evolution operator of the field-dressed molecule, we then
demonstrate how the character of the initial wave function (a molecular orbital [MO])
from which the ionized electron is extracted, is conserved in the exact time-evolution
of the quantum system in the presence of the intense laser field. More precisely, using
symmetry group theoretic concepts [15, 16], we show that if the initial state, or a
part of it, transforms according to a given irreducible representation of the dressed
molecule’s symmetry group, i.e. it can be expressed as a definite symmetry-adapted
linear combination (SALC) [16] of basis functions, then the time-evolved state will
continue to transform in the same irreducible representation at all time. The SALC
structure of the initial state is conserved, but involves time-dependent functions that
result from the propagation of the basis functions (atomic orbitals). It is this time-
dependent SALC, TDSALC, structure imparted to the final wave function and its
asymptotic form, that gives rise to LIED spectra that carry the signature of the initial
orbital and of the molecular geometry.
After reviewing and illustrating these ideas on perfectly aligned molecules,
highlighting their relevance to LIED spectra, we apply this conservation principle to
analyse how the presence of a defect in the molecular alignment affects the symmetry
property of the initial MO, and from this, the qualitative traits of the photoelectron
spectrum, in particular its part that corresponds to LIED. Considering the case of
a symmetric triatomic molecule of generic formula ABA, We show in particular the
stability (or robustness) of the spectra and their inversion with respect to a deviation
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from a perpendicular alignment of the molecule. Note that we adopt atomic units
throughout the paper unless stated otherwise.
2. Symmetry conservation in a perfect alignment situation
Consider a symmetric molecule in a linearly polarized laser field. The addition of
the laser-molecule interaction usually removes a number of symmetry elements of the
field-free molecule, and lowers the symmetry to a subgroup of the isolated molecule’s
point group. It is with respect to this molecule+field subgroup that the following
considerations and conclusions apply. We will use different notations to designate a
symmetry operation, depending on the type of object it acts on. On a physical object,
such as a point in real space, or an atom, an electron, we will designate the operation by
S. On a vector in three-dimensional position or momentum space, it will be designated
as a matrix by S, while on a function, it will be designated as an operator by Sˆ.
2.1. Symmetry-related Atomic Orbitals
Typically, a molecule consists of a number of unique atom types A,B,C,D, .. etc. The
nA A-type atoms, A1, A2, ..., AnA of position vectors ~R
A
1 ,
~RA2 , ...,
~RAnA , are related to
each other by symmetry operations S, i.e.
∃ Sj‖ SjA1 = Aj , Sj ~RA1 = ~RAj (1)
If the nuclear center A1 supports an atomic orbital (AO)
χAl,1 := χ
A
l (~r − ~RA1 ) = Tˆ~RA1 χ
A
l (~r) , (2)
Here Tˆ~ρ = exp (−i~ρ.~p) where, ~p = −i~∇, is the translation operator of ~r by −~ρ. This
member of the AO basis will be repeated (and rotated) by Sˆj , such as to give the same
AO centered at nucleus Aj :
χAl,j := Sˆjχ
A
l,1 (3)
We recall that the action of the operator Sˆj on a function f(~r) is defined by
Sˆjf(~r) := f(S−1j ~r),
so that
χAl,j(~r) := χ
A
l (S
−1
j [~r − ~RA1 ]) = TˆS−1j ~RA1 Sˆjχ
A
l (~r). (4)
Actually, this relation can be generalized for any function f(~r), any translation (Tˆ~ρ)
of ~r and any symmetry operator Sˆ:
SˆTˆ~ρf(~r) = TˆS−1~ρSˆf(~r) . (5)
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By definition, Sˆ commutes with the molecular Hamiltonian Hˆ. Let UˆH(t, t0) be the
time evolution operator associated with Hˆ, i.e.
i
∂UˆH(t, t0)
∂t
= HˆUˆH(t, t0), UˆH(t0, t0) = 1 , (6)
we have
[UˆH(t, t0), Sˆ] = 0, (7)
as can be seen by expanding UˆH(t, t0) in Dyson series, each term of which being a
time-ordered power of Hˆ which obviously commutes with Sˆ.
2.2. SALC and Symmetry-adapted MO
If Γ is a g-dimensional irreducible representation of the relevant group (here, the point
group of the molecule+field system, a subgroup of dimension h of that of the field-free
molecule), with (g× g) matrices G(S) representing the symmetry operators Sˆ, then a
symmetry-adapted linear combination (SALC) of the χAl,i functions is obtained by the
action of the projection operator (u = 1, 2, .., g) [16],
PˆΓu =
g
h
∑
j
Guu(Sj)Sˆj , (8)
on χAl,1 :
χA,Γl,u (~r) = Pˆ
Γ
u χ
A
l,1(~r)
=
g
h
∑
j
Guu(Sj)TˆS−1j ~RA1 Sˆjχ
A
l (~r) (9)
giving a symmetry-adapted (SA) basis function, actually one of the basis function (the
u-th one) of the irreducible representation Γ generated by the AO χAl of atom A. If
the basis set of atomic orbitals is complete, then these SALC will constitute also a
complete basis for one-electron functions of symmetry Γ. A field-free molecular orbital
(MO), of symmetry species Γ, and considered as an initial state for a single-ionization
event under the field, can be written in the following linear combination of atomic
orbitals (LCAO):
ψΓu (~r, 0) = N
∑
Ω=A,B,..
∑
l
∑
j
cΩ,lGuu(Sj)TˆS−1j ~RΩ1 Sˆjχ
Ω
l (~r), (10)
where N is a global normalization constant.
This expresses the molecular orbital in the form of a combination of the
atomic orbitals TˆS−1j ~RΩ1
Sˆjχ
Ω
l (~r). The corresponding LCAO expansion coefficients are
cΩ,lGuu(Sj), and it is the elements Guu(Sj) of the matrices G(Sj) representing the
symmetry operations Sˆj that ensure that this MO transforms as a basis vector of the
irreducible representation Γ. They give to the MO a definite symmetry-related nodal
structure.
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2.3. Conservation of Orbital Symmetry in Time-evolution: TDSALC
Using Eq. (5) and the commutativity of UˆH(t, 0) and Sˆj , Eq. (7), it can be shown that
UˆH(t, 0)ψ
Γ
u still transforms in Γ, and is actually of the same SALC form as the initial
state. More precisely, the final exact result is:
UˆH(t, 0)ψ
Γ
u (~r, 0) = N
∑
Ω=A,B,..
∑
l
∑
j
cΩ,lGuu(Sj)TˆS−1j ~RΩ1 Sˆjχ
Ω
l (~r, t), (11)
where, by definition
χΩl (~r, t) = Tˆ
−1
~RΩ1
UˆH(t, 0)Tˆ~RΩ1
χΩl (~r). (12)
This is the atomic orbital χΩl centered at nucleus Ω evolved in time, then translated
back to the origin of the body-fixed coordinate system. Note that the definition of this
time-dependent orbital implies the following property, which can readily be proven
using Eqs.(5) and (7). Let Sˆ1, Sˆ2 be two symmetry operators such that S2 ~RΩ1 = S1 ~RΩ1 ,
then
Sˆ2χ
Ω
l (~r) = Sˆ1χ
Ω
l (~r)⇐⇒ Sˆ2χΩl (~r, t) = Sˆ1χΩl (~r, t) (13)
With Eq. (11), we see that in terms of the time-dependent AO χΩl (~r, t), the time-
evolved state clearly has the same structure as ψΓu (~r, 0) in Eq. (10).
2.4. The special case of ABA linear molecules
An ABA linear molecule, such as CO2, is of D∞h symmetry in field-free condition, and
of C2v symmetry in a field linearly polarized perpendicular to the internuclear axis. To
directly make use of the character table of C2v as conventionally given in textbooks,
we will call z the direction of the polarization vector, defining the 2-fold symmetry
axis, and y the internuclear axis, with the central atom B found at the origin and the
A atoms at y = −R and y = +R. This geometry is shown in Figure 1 specifically for
the CO2 molecule.
Consider the ionization of CO2 from the HOMO-1 orbital (the second highest-
occupied molecular orbital of the molecule in its field-free electronic ground-state).
This is a piu orbital in D∞h. It becomes a a1 orbital in C2v and, in a minimal basis, is
composed of a 2pz atomic orbital centered on each atom. The a1 SALC of the 2pz,O’s,
(1ˆ + Cˆ2 + σˆxz + σˆyz)Tˆ−R2pz,O is, after evaluating the action of the four symmetry
operators on the 2pz,O orbital, up to a normalization constant:
SALCa1(2pz,O)(r˜) = Tˆ−R2pz,O(~r) + Tˆ+RSˆ2pz,O(~r) (14)
= 2pz,O1 + 2pz,O2 ,
We have used the facts that S−1(−R~ey) = +R~ey, i.e. Tˆ+R is the image of Tˆ−R under
Sˆ = Cˆ2 or σˆxz and, in the second line, that a 2pz,O function is of symmetry a1, i.e.
it is invariant under all symmetry operations of C2v. Eq.(13) then implies that the
corresponding time-evolved function (defined in Eq. (17a) below) also transforms in
A1.
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Figure 1.: (Color online). Coordinate system used in the symmetry analysis of the
photoelectron spectrum associated with the laser-driven ionization of a CO2 molecule.
In the perfect perpendicular alignment situation, the molecule lies along the y axis,
while the polarization of the field lies along the z axis, defining the two-fold symmetry
axis of the C2v subgroup of the molecule+field system. In analyzing the effect of an
alignment defect, we will imagine the polarization of the field making an angle θ with
the z axis, so that this angle measures a deviation from the perfect perpendicular
alignment situation.
The HOMO-1 is given by the combination of this SALC Oxygen orbital with a
Carbon 2pz orbital (itself belonging to a1):
ψCO2HOMO−1 ≡ ψa1(~r, 0) = a SALCa1(2pz,O)(~r) + b 2pz,C(~r). (15)
with LCAO coefficients a and b. According to Eq. (11), under UH(t, 0) this simply
becomes
ψa1(~r, t) = a [Tˆ−R2pz,O(~r, t) + Tˆ+R2pz,O(~r, t)] + b 2pz,C(~r, t). (16)
The time-evolved 2pz functions are
2pz,O(~r, t) = Tˆ−RUˆH(t, 0)Tˆ+R 2pz,O(~r) (17a)
2pz,C(~r, t) = UˆH(t, 0) 2pz,C(~r), (17b)
The momentum distribution derived from the time-dependent wavefunction of Eq.
(16) is readily obtained as the squared modulus of the following amplitude
A(~k) = 〈~k|ψa1(t)〉 = a [ 〈~k|Tˆ−R|2pz,O(t)〉+ 〈~k|Tˆ+R|2pz,O(t)〉 ] + b 〈~k|2pz,C(t)〉
= 2a cos (kyR)〈~k|2pz,O(t)〉+ b 〈~k|2pz,C(t)〉. (18)
Without the cos (kyR) factor in the first term, this distribution would be atomic-like, as
it would be the sum of spectra resulting from extraction of an electron from two 2pz,Ω
atomic orbitals centered at the origin (Ω = O,C). The cos (kyR) factor modulating
the atomic 2pz,O signal gives rise to a fringe pattern along the ky direction that is a
reflection of the molecular structure, both with respect to its geometry (it permits the
reading of R), but also with respect to its electronic structure (it reflects the nodeless
structure of the a1 HOMO-1 orbital) [19].
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3. Alignment defects and symmetry breaking
3.1. General considerations
We consider now the case where the molecular alignment with respect to the field
polarization is not perfect, defining two components of the field: A major component
(this could be parallel or perpendicular) ~EM (t) =
√
1− α2 ~ME(t), determining the
appropriate subgroup to be used in the symmetry analysis, and a minor one, ~Em(t) =
α~mE(t), (α <
√
1/2), and the (one-electron) Hamiltonian reads
Hˆ(t) = HˆM (t) + Vˆm(t) (19a)
where,
HˆM (t) = Hˆ0 + ~r. ~EM (t) (19b)
and
Vˆm(t) = ~r. ~Em(t) . (19c)
This partitioning of the Hamiltonian suggests the following factorization of the
propagator UˆH :
UˆH(t, 0) ' UˆM (t, 0)Uˆ Im(t, 0) (20)
where UˆM (t, 0) is the propagator associated with HˆM , i.e.
i
∂UˆM (t, 0)
∂t
= HˆM (t)UˆM (t, 0), (21)
and Uˆ Im(t, 0) is that associated with Vm in the interaction picture defined by HˆM :
i
∂Uˆ Im(t, 0)
∂t
=
[
UˆM (t, 0)
−1Vˆm(t)UˆM (t, 0)
]
Uˆ Im(t, 0) . (22)
Consider now UˆH(t, 0) acting on an initial wave function ψ(~r, 0). This amounts to
propagating, under the major, symmetry-group determining field, an effective initial
state defined by ψ(~r, 0) modified by Uˆ Im(t, 0). It is this function
ψIt (~r, 0) = Uˆ
I
m(t, 0)ψ(~r, 0),
that must be decomposed into symmetry components before we can apply the
symmetry analysis of the previous section, pertaining to the action of UˆM (t, 0) within
the symmetry subgroup defined by the major electric-field component.
3.2. Misaligned linear CO2 molecules
To illustrate the above procedure, consider the ionization out of the HOMO-1 of a
CO2 molecule, under a field whose polarization vector makes an angle θ with respect
to the direction normal to the molecular axis, as shown in Figure 1.
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3.2.1. Misalignment from a perpendicular configuration
The major component of the field is then the perpendicular one, i.e. M ↔⊥, and the
minor one is parallel to the molecular axis, m↔‖.
Hˆ⊥ = Hˆ0 + z cos θE(t), Vˆ‖(t) = y sin θE(t) (23)
To obtain Vˆ I‖ (t), we note that yˆ
I(t) and pˆIy(t) satisfy equations of motion of the
classical form dyˆI(t)/dt = pˆIy(t), dpˆ
I
y(t)/dt = −∂yvcoul(~r)I(t), where vcoul is the field-
free molecular Coulomb potential. Here the superscript I denotes operators taken
in the interaction representation. Given that the momentum distribution should in
principle be taken with respect to the asymptotic electron wave function, we may
neglect vcoul, in the spirit of the widely used Strong-Field Approximation [20–22]. The
interaction picture operator Vˆ I‖ is then
Vˆ I‖ (t) = βE(t)yˆ + β tE(t)pˆy (24)
where β = sin θ, and Uˆ I‖ (t, 0) is of the form
Uˆ I‖ (t, 0) ' e−iβ
2η(t)e−iβF (t)yˆe−iβG(t)pˆy (25)
with
F (t) =
∫ t
0
dt′E(t′), G(t) =
∫ t
0
dt′t′E(t′), η(t) =
∫ t
0
dt′F (t′)G(t′) (26)
To work out the detailed expression of the transformed initial state Uˆ I‖ (t, 0)ψ(~r, 0),
where ψ designates the HOMO-1 of CO2 and is given by Eq. (15), care must be
exercised to account for the fact that e−iβF (t)yˆ does not commute with the translation
operators Tˆ±R, nor with the symmetry operations Cˆ2 and σˆxz (Sˆ in the following).
As to the exponential factor containing pˆy in Uˆ
I
‖ , Eq. (25), it commutes with Tˆ±R,
being itself a translation operator (noted TˆβG in the following) of the same type, which
therefore satisfies Eq. (5). Considering all these points, we obtain (for simplicity, we
drop the irrelevant global phase factor e−iβ2η(t) found on the r.h.s. of Eq. (25) ),
Uˆ I‖ (t, 0)ψ(~r, 0) = a
{
e−iβF (t)RTˆ−R
(
e−iβF (t)y2pz,O(~r − βG(t)~e3)
)
(27)
+ e+iβF (t)RTˆ+RSˆ
(
e+iβF (t)y2pz,O(~r + βG(t)~e3)
)}
+b
(
e−iβF (t)y2pz,C(~r − βG(t)~e3)
)
.
To apply the symmetry (SALC structure) conservation principle of Eq. (11), we need to
re-express this in terms of SALCs. To this end, the functions e±iβF (t)y2pz,O(~r±βG(t)~e3)
can be rewritten in terms of two functions, one of symmetry a1, the other b2 in the
molecule+(perpendicular) field group:
e±iβFy2pz,O(~r ± βG~e3) = f2pz,Oa1 (~r)± f2pz,Ob2 (~r) (28)
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where
f
2pz,O
a1 (~r) = cos (βFy)pi
2pz,O
u (~r,G) + i sin (βFy)pi
2pz,O
g (~r,G), (29a)
f
2pz,O
b2 (~r) = cos (βFy)pi
2pz,O
g (~r,G) + i sin (βFy)pi
2pz,O
u (~r,G), (29b)
and pi
2pz,O
u(g) (~r,G) :=
√
1/2(Tˆ+βG ± Tˆ−βG)2pz,O(~r). (Note that these combinations are
here named after their symmetry character in the field-free molecular point group,
D∞h). Substituting these expressions into Eq. (27), we end up writing Uˆ I‖ (t, 0)ψ(~r, 0)
in a SALC expansion form, in terms of new atomic orbitals f
2pz,O
a1(b2), e
−iβF (t)y 2py,C,
(the χΩl ’s of Eq. (10)):
Uˆ I‖ (t, 0)ψ(~r, 0) = a
{(
e−iβF (t)RTˆ−R + e+iβF (t)RTˆ+RSˆ
)
f
2pz,O
a1 (~r)
+
(
e−iβF (t)RTˆ−R − e+iβF (t)RTˆ+RSˆ
)
f
2pz,O
b2 (~r)
}
+b
(
e−iβF (t)y2pz,C(~r − βG(t)~e3)
)
. (30)
The time-evolution (transformation) of Eq. (30) under Uˆ⊥(t, 0) then gives, according
to Eqs.(11) and (12), the following final expression:
Uˆ⊥(t, 0)Uˆ I‖ (t, 0)ψ(~r, 0) = a ξ
R
[
f
2pz,O
a1 + f
2pz,O
b2
]
t
+ b [ξy2pz,C(~r −G(t)~e3)]t
= a ξR [ξy2pz,O(~r −G(t)~e3)]t
+ b [ξy2pz,C(~r −G(t)~e3)]t , (31)
where we have introduced notations
ξR = e−iβF (t)RTˆ+R + e−iβF (t)RTˆ−R , (32a)
ξy = e−iβF (t)y (32b)
and [f(~r)]t to represent Tˆ−RUˆ⊥(t, 0)Tˆ+Rf(~r). Projecting Eq. (31) on the plane wave
|~k〉, we find
A(~k) = 〈~k|UˆH(t, 0)|ψ(0)〉
= 2a cos ([ky + βF (t)]R)〈~k − βG~e3|
[
e−iβF (t)y2pz,O
]
t
〉
+ b 〈~k − βG~e3|
[
e−iβF (t)y2pz,C
]
t
〉 (33)
This gives a momentum distribution that is isomorphic to the one associated with the
perfect alignment case, as described by Eq. (18). It differs from the latter only by (a)
a modification of the atomic amplitudes by the convolution of the Fourier transforms
of eiβF (t)y with that of the atomic orbitals, displaced, in reciprocal space and along
the ky direction, by −βG(t), and (b) the shift of the fringe pattern along ky by βF (t).
Note that when t = tf , the end of a zero-area pulse, F (t) vanishes, and the above
modifications reduce to just the displacement of the Fourier transforms of the atomic
2pz orbitals along ky by a quantity that depends on G(t), the area of the product
9
of the field with time, which is usually non-zero. The relatively minor character of
these modifications we just found, in particular for a zero-area pulse, is a first formal
indication of the stability (robustness) of the LIED imaging procedure with respect to
misalignment of the molecule.
3.2.2. Misalignment from a parallel configuration
In this case the major component of the field is the parallel one,
Hˆ‖ = Hˆ0 + y sin θE(t), Vˆ⊥(t) = z cos θE(t),
and with θ ' pi/2, it is cos θ which represents the small quantity β in the partitioning
of the electron-field interaction.
Rigorously, the molecule+field subgroup should be C∞v in the case the field is
polarized parallel to the internuclear axis (θ = pi/2 exactly). However, if we restrict
our analysis of photoelectron spectra to 2D, then consideration of the C2v subgroup is
sufficient. While with the perpendicular molecule/field arrangement, the two Oxygens
are symmetry-related, this is not the case for the parallel alignment. Each of the three
AO constituting the HOMO-1 of CO2, Eq. (15), is actually a b2 SALC orbital on its
own, and the general Eq. (11) gives in this case a momentum-space amplitude of the
form
A(~k) = a
(
〈~k|Uˆ‖(t, 0)Tˆ−R|2pz,O〉+ 〈~k|Uˆ‖(t, 0)Tˆ+R|2pz,O〉
)
+ b 〈~k|Uˆ‖(t, 0)|2pz,C〉, (34)
for a perfect alignment. In this case, the information on the geometry of the molecule
results from the interference between the wavepackets associated with the separate
propagations of the two 2pz,O’s and the 2pz,C under U‖(t, 0). In other words, this
results from the waves emanating from the three centers, without carrying explicitly
the coherence information of the antisymmetric (piu) combination of the 2pz,O’s,
coherence that give rise to the strong geometric factor cos (kyR) found in Eq. (18)
for the perpendicular case.
With a defect from parallel alignment, one readily identifies UˆM ↔ Uˆ‖. Now,
Uˆ Im ↔ Uˆ I⊥ will be given by the r.h.s. of Eq. (25) but with z replacing y throughout,
neglecting again the Coulomb force term, −∂yvcoul. This Uˆ I⊥ commutes with Tˆ±R.
It brings to the momentum-space amplitude of Eq. (34) just a modification of the
atomic orbitals 2pz,O and 2pz,C essentially by e
i(zF (t)eiG(t)pˆz corresponding to a lateral
momentum and displacement of the center of these functions.
This reading does not give much explicit, useful information to assess the stability
of the type of photoelectron distribution expected for parallel alignment. However,
a deviation from the perfect parallel alignment does allow for an analysis of the
wave function and the associated momentum distribution in terms of the symmetry
considerations made above in which it is the perpendicular component, though minor,
which determines the relevant symmetry group to be used. Thus one expects the
qualitative traits of the photoelectron spectrum associated with a perpendicular
alignment to appear even for a situation close to a parallel alignment.
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4. Illustrations from Numerical Simulations
The following illustrations make use of results of numerical simulations of the strong-
field ionization process of CO2 using the SAE (Single-active electron) model and wave
packet propagation procedure detailed in preceding papers, in particular in Ref. [12].
Figure 2 shows the LIED spectrum obtained by integrating over kx the momentum
distribution of a photoelectron ionized, under a 3 optical cycle pulse of λ = 2100 nm
and I = 1 × 1014 W/cm2, from the HOMO-1 of CO2, at R = 3.0 A˚, left panel, and
R = 5.0 A˚, right panel. The black solid line in each panel denotes the perfectly aligned
case θ = 0. The curves in dotted lines in various colours are obtained with a cosN (θ)
distribution of values of θ, with N chosen to give a distribution full width at half-
maximum of 5◦ (red dashed line), 10◦ (blue dashed-dotted line) and 20◦ (green dotted
line).
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Figure 2.: (Color online). Diffraction patterns S(ky) obtained by integrating over kz
the high-energy part of the momentum spectrum of a photoelectron ionized, under a
3 optical cycle pulse of λ = 2100 nm, I = 1× 1014 W/cm2, from the HOMO-1 of CO2
at R = 3.0 A˚, panel (a) and R = 5.0 A˚, panel (b). The black solid lines correspond
to a perfect perpendicular alignment of the molecule. The coloured dotted lines to a
cosN (θ) distribution of values of θ, with N chosen to give a distribution full width at
half-maximum of 5◦ (red dashed line), 10◦ (blue dashed-dotted line) and 20◦ (green
dotted line).
The trace of the photoelectron spectrum along ky for the perfectly aligned situation,
(θ = 0), in both panels (a) and (b) of Figure 2 clearly exhibits a fringe pattern with
two types of periodicity, arising from the beating of two terms in the square of the
amplitude A(~k) given in Eq. (18). The product of the first term of this equation
with the second one, oscillates with a period 2pi/R, while the square of the first term,
containing cos2(kyR) = [cos (2kyR)+1]/2, oscillates with a period of pi/R. The shift of
the pure atomic signals (Fourier transforms of the time-evolved 2pz,C(O)) with respect
to the geometric cos(kyR) factor is responsible for the modifications seen in Figure
2 as a spread of values of θ is considered. The overall observation is that the lower
amplitudes in the spectrum for the perfect alignment case tend to be washed out.
Nevertheless, the broad peaks repeating every larger period (2pi/R) are well seen and
by themselves allow for a partial reading of the original orbital structure.
The derivations and discussions of the previous section point to the particular
stability of the perpendicular alignment type of photoelectron and/or LIED spectrum.
It is practically a generic type, i.e. it is expected to be observed even for an alignment
11
situation very close to a parallel one. For the case considered there, of the ionization
out of the HOMO-1 of the CO2 molecule, at R = 3.0A˚, Figure 3 shows a sample of
photoelectron spectra obtained for the pulse parameters in Figure 2, as a function of
θ¯ = pi/2− θ.
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Figure 3.: (Color online). Momentum spectra of a photoelectron ionized from the
HOMO-1 of CO2 in a fixed geometry with R = 3.0A˚ as a function of θ¯ = pi/2 − θ,
measuring the deviation from a parrallel alignment of the molecule. θ¯ = 0◦ in (a), 1◦
in (b), 5◦ in (c), 10◦ in (d), 45◦ in (e) and 90◦ in (f). The field parameters are the
same as in Figure 2
The momentum distribution of the parallel type (this is at θ¯ = 0◦, panel (a) of Figure
3) exhibits a node along kz = 0, cutting through the dense holographic structure found
at small |~k| and reflecting the nodal structure inherent to atomic 2pz orbitals. This
structure is found only for a narrow range of θ¯, not exceeding θ¯ = 5◦. At θ¯ = 5◦, panel
(c), the distribution appears already of the type associated with the perpendicular
alignment: the nodal surface that was at kz = 0 in the prefect parallel alignment
disappears, being replaced by a contour of maximum amplitude, as found at ky = 0 in
the perfect perpendicular alignment situation, panel (f). The diffraction (R-dependent)
fringe pattern at large |~k| becomes clearer as θ¯ gradually tends to pi/2. At θ¯ = 45◦,
the distribution is visually the one associated with the perpendicular alignment tilted
by 45◦ and carries a fringe pattern along ky that is sufficiently clear and contrasted to
allow for a useful LIED reading.
These qualitative observations corroborate the predictions of the previous section.
Thus, if we consider θ or θ¯ to be the control parameter, in polar representation of the
control plane ( ~E⊥, ~E‖), then θ¯ = 0◦ → 5◦ defines a region where the photoelectron
spectrum is of the type characteristic of a parallel alignment, and the rest of the
control plane is associated with the perpendicular alignment. The much larger area of
the region of control space associated with the perpendicular alignment denotes the
particular stability of this type of spectrum, ensuring a strong robustness to imaging
techniques based on its reading.
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5. Concluding remarks
The formulations given in Section 2 and based on symmetry considerations, leading
to expressions of the type given in Eq. (16), for the case of the HOMO-1 of CO2, show
that the nodal structure of the time-evolved wave function is inherited from that of the
initial orbital by the conservation of its symmetry (of the irreducible representation
of this orbital), not from interferences of phases acquired during the time-evolution
under the action of the field. The conservation of the nodal structure of the wave
function in real coordinate space implies suppressed ionization in directions parallel
to nodal surfaces of the initial orbital as noted by Lagmago Kamta and Bandrauk
[17, 18]. In momentum space this conservation principle implies a fringe structure in the
photoelectron spectrum that is presently exploited in LIED readings and inversions.
Phase interferences between different electron-wave components acquired during the
time-evolution of the system are found in the low-energy part of the photoelectron
momentum distribution (the holographic part [5, 6]) and comes from the evolution of
the atomic orbitals composing the MO under the combined effect of the multi-center
Coulomb potential and the field.
In deriving the equations describing the conservation of the symmetry character
of an orbital, we make use of the time evolution operator UˆH(t, 0), or UˆM (t, 0) in
Section 3, without further expanding on this. We note that with a decomposition of
this as expressed in Eq. (17) and Eqs.(18a-c) of Ref. [11], into a sum of propagators
associated with free evolution, direct ionization and recollision, the above consideration
is applicable to each part of this decomposition, as the corresponding generator
commutes with the symmetry operator of the dressed-molecule subgroup.
The dominant correction term in the symmetry breaking analysis of the effect of a
deviation from perfect perpendicular alignment depends on F (t), the time integrated
area of the laser pulse, up to time t. Thus, to this first order of the expansion of Vˆ I‖ (t),
we see that this correction will be zero at the end of a physical zero-area pulse. In
Section 4 the derivation of the result of symmetry-breaking due to misalignment is
thus given in detail to the next order, neglecting, for simplicity, a term that depends
on the Coulomb potential. Non trivial symmetry breaking corrections are obtained
that depend on a new area, non-zero over the full pulse width, that of the product of
the field with time. The same general structure of the momentum distribution shown
in Eq. (33) is expected to be preserved with the correction terms that depend on the
Coulomb force.
The general principles of the symmetry and symmetry-breaking analysis have been
easily applied to the case of a linear symmetric triatomic molecule, because in this
case the relevant group, C2v, has only one-dimensional irreducible representations.
We expect that the case of a polyatomic symmetric molecule, for which the relevant
subgroup admits higher-dimensional irreducible representations, will be much more
complex. Future work needs thus be done for the generalization of the present analysis
to these cases.
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